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Abstract 

In this article we consider the relationship between vertex coloring and the immer¬ 
sion order. Specifically, a conjecture proposed by Abu-Khzam and Langston in 2003, 
which says that the complete graph with t vertices can be immersed in any t-chromatic 
graph, is studied. 

First, we present a general result about immersions and prove that the conjecture 
holds for graphs whose complement does not contain any induced cycle of length four 
and also for graphs having the property that every set of five vertices induces a subgraph 
with at least six edges. 

Then, we study the class of all graphs with independence number less than three, 
which are graphs of interest for Hadwiger’s Conjecture. We study such graphs for 
the immersion-analog. If Abu-Khzam and Langston’s conjecture is true for this class 
of graphs, then an easy argument shows that every graph of independence number 
less than 3 contains J3T as an immersion. We show that the converse is also true. 
That is, if every graph with independence number less than 3 contains an immersion 
of if|-n-i, then Abu-Khzam and Langston’s conjecture is true for this class of graphs. 
Furthermore, we show that every graph of independence number less than 3 has an 
immersion of K |-ni • 

1 Introduction 


Vertex coloring has been a very important topic in graph theory. The usual goal, and the one 
considered here, is to color every vertex of a graph such that adjacent vertices get different 
colors. The chromatic number of a graph G, denoted y(G), is the minimum number of 
colors required to color its vertices. If y(G) = t, then we say that G is t-chromatic. 

It has been suspected for a long time that if a graph cannot be colored with t — 1 colors, 
then it has to somehow contain the complete graph K t with t vertices. At some point 
in the 40’s, Hajos m conjectured that the relation of containment was the topological 
order. This conjecture is true for t < 4 m , but false for t > 7 [J]. It remains open for 
t £ {5,6}. In 1943 Hadwiger *151 suggested that the containment had to be the minor order, 
i.e. he conjectured that every t-chromatic graph contains K t as a minor. It was shown that 
Hadwiger’s conjecture holds for t = 5 m and t = 6 |23| . But it remains uncertain whether 
or not the conjecture is true for t > 7. 

In this article we study a different order, the immersion order, which is defined by lifts of 
edges. A lift of two (adjacent) edges uv and vw, with u ^ w and uw £ E(G), consists of 
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deleting uv and vw, and adding the edge uw. And a graph H is immersed in a graph G if H 
can be obtained from G by performing lifts of edges and deleting vertices and/or edges. We 
denote this by H =<h G. We also say that G contains an immersion of H. This definition is 
equivalent [1] to the existence of an injective function <f>: V(H) —>• V(G) such that: 

1. For every uv G E(H ), there is a path in G, denoted P uv , which connects <j>(u) and 

2. The paths {P uv '■ uv G E(H)} are pairwise edge-disjoint. 

If the paths P uv are internally disjoint from <f>(V(H)), then we say that the immersion is 
strong. We call the vertices in <p(V(H)) the corner vertices of the immersion. 

Clearly topological containment implies immersion containment (strong immersion contain¬ 
ment, actually). However, the minor order and the immersion order are not comparable. 
The immersion order, although initially much less studied than the minor and topological 
orders, has received a large amount of attention recently HH21 MM US EH EH- In fact, 
Robertson and Seymour extended their proof of Wagner’s famous conjecture {2T], to prove 
that the immersion order is a well-quasi-order |22j . 

In analogy to Hadwiger and Hajos’ conjectures, Lescure and Meyniel m conjectured the 
following. 

Lescure and Meyniel’s Conjecture. If y(G) > t, then G contains a strong immersion 

of K t . 

Independently, Abu-Khzam and Langston II] proposed a weaker statement. 

Conjecture 1 (Abu-Khzam and Langston). If \(G) > t, then K t is immersed in G. 

Since Hajos’ conjecture holds for t < 4, Abu-Khzam and Langston’s conjecture is true for 
t < 4, as topological order is just a particular case of immersion order. 

Each graph G with y(G) = t must contain a t.-critical subgraph, i.e., a graph G such that 
X(G) = t and \(H) < t for every proper subgraph H of G. Furthermore, it is easy to see 
that every i-critical graph must have minimum degree at least t— 1. Using this fact, DeVos, 
Kawarabayashi, Mohar and Okamura [9] resolved Abu-Khzam and Langston’s conjecture 
for small values of t. 

Theorem 1.1 ([9]). Let f(k) be the smallest integer such that every graph of minimum 
degree at least f(k) contains an immersion of Kk- Then f(k) = k — 1 for k G {5,6, 7}. 

For k > 8, however, f(k) > k 0 |8], i.e. 6(G) > k — 1 does not guarantee an immersion of 
Kk in G. 

Theorem ll.ll solves Abu-Khzam and Langston’s conjecture for very small values of t. We are 
interested here in the other end of the spectrum, where t is close to the number of vertices. 
So we restrict our attention to classes of graphs which are quite dense. We already know 
some properties about dense graphs, such that if a graph has 2 cn 2 edges, then it contains a 
strong immersion of the complete graph on at least c 2 n vertices [8]. 

One very special case of dense graphs are the complete multipartite graphs. We prove the 
following result. 

Theorem 1.2. Let G be a complete multipartite graph of k > 2 classes with s vertices each. 
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Then G has a strong immersion of H, where, 


^(fe-l)s+l 

if s is even 

K{k-i) s 

if s ^ 1 and s is odd 

I<k 

t-H 

II 
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We will call a graph (fc, s)-dense if every set of k vertices induces a subgraph with at least 
s edges. We prove the following two results. 

Theorem 1.3. Every (5,6)-dense graph G contains a strong immersion of K x (q). 

Theorem 1.4. Any graph G whose complement has no induced cycle of length four contains 
a strong immersion of K x (g) ■ 

Finally, we focus on the study of a special class of graphs, the graphs G that have no 
independent set of size three, or equivalently, whose independence number a(G) is at most 
2. This class of graphs has been extensively studied in an attempt to solve Hadwiger’s 
conjecture (see U EE 0 HD]). It is for this reason that we are interested in Abu-Khzam and 
Langston’s conjecture restricted to these graphs. Abu-Khzam and Langston’s conjecture 
restricted to that class reads as follows. 

Conjecture 2. Any graph G with a(G) < 2 contains an immersion of K x ^y 

If a(G) < 2, then in any vertex coloring of G, every color class, being an independent 
set, has at most two vertices, which implies that y(G) > j. Abu-Khzam and Langston’s 
conjecture would thus imply that G must contain an immersion of The latter gives 

rise to a new conjecture. 

Conjecture 3. Any graph G with a(G) < 2 contains an immersion of K\q-\- 

We just saw that Conjecture [2] implies Conjecture [H However, the two conjectures are 
actually equivalent. Following ideas from [2UJ we show the next result. 

Theorem 1.5. Conjectures^ and\^ are equivalent. 

A weaker version of Conjecture [3] is shown, namely the following result. 

Theorem 1.6. If G is a graph with a(G) < 2, then G contains a strong immersion of 



An analogous result was shown by Chudnovsky (5), namely that if G is a graph with n 
vertices and no independent set of size three, then G contains a complete minor of size 
The technique used there is a nice use of induced paths of length two. Here we present a 
different technique. 

In this article every graph is simple, without loops and parallel edges, unless stated other¬ 
wise. 

This work is organized as follows. In Section [2] we present a quick review of some definitions 
and properties about vertex coloring that will be used through the text. In Section [3] we 
immerse a large complete graph into a multipartite complete graph (see Theorem 11.21) . and 
also prove Theorems 11.31 and 11.41 And in Section [I] we prove Theorems 11.51 and 11.61 and 
show a series of properties that a counterexample of Conjecture [2] with minimum number 
of vertices should satisfy. 
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2 Vertex coloring 


Given a vertex coloring c : V(G) —» {1, fe}, we denote Cj = {u : c(u ) = i} and c t j the 
subgraph induced by the set of vertices {u : c{u) £ We call a path in Cy a chain , 

and for each u £ V(cy), we denote Cy(it) the connected component of Cy that contains it. 
If {'«, j) ^ {k,l}, then c i3 and c^i are edge-disjoint graphs. This observation is particularly 
important to find immersions in graphs, considering the second definition of immersion. For 
this reason, the use of chains will be very helpful. 

Let c : V(G) — > {1, be a vertex coloring of G and let i £ {1,..., fe}. We say that 
u £ V(G) is a dominating vertex for color i, if c(u ) = i and if for each color j ^ i, there is 
a vertex v such that c{v) = j and uv £ E{G). If c : V{G) —»• {1,..., x(G)} is a coloring of G 
with minimum number of colors, then it is easy to check that every i £ {1, ...,x(G)} has a 
dominating vertex. 


3 Complete Graph Immersions 

Let us see first, that in a complete multipartite graph we can find an immersion of a complete 
graph of relatively large size. That is, let us prove Theorem 11.21 

Proof of Theorem \l.°2[ The s = 1 case is trivial, so we can assume s > 1. We choose the 
vertices of k — 1 classes as corner vertices (in the case that s is even, we will add an additional 
corner vertex later), and the vertices of the remaining class, let us call it U, will be used for 
the edge-disjoint paths. The paths between two vertices from different classes already exist 
(they are the edges between them), so we only need to worry about those vertices that are 
in the same class. We know that x'(/iT s ) = s — 1 if s is even, and x'(E s ) = s if s is odd ( [25] 
P-133]). 

For each class of s corner vertices, consider a x , (^s)-edge-coloring of the edges that are 
missing (all of them). As |[/| > x'{Ks), we can assign each of the used colors on the edges 
of K s to some vertex in U. Say vertex it* £ U gets color i. Then, for two corner vertices v 
and w in the same class, we assign P vw = vuiw where vw is colored with color i. 

Observe that these paths are edge-disjoint. Indeed, if two paths P vw and P xy share an 
edge, then vw would have to be adjacent to xy. In addition, we would have P vw = vuiW , 
Pxy = xuty for some i < x'(G). That is, both vw and xy would have assigned color i, which 
is a contradiction. 

Note that if s is even, then in U there is a vertex that is not being used in the edge-disjoint 
paths, so we can add it as a corner vertex of the immersion, as it is adjacent to all other 
corner vertices. Thus, we find the desired immersion, which is strong because no corner 
vertex is used as an internal vertex of some path. □ 

Observation. Actually, a more general result follows directly from the proof of the theorem. 
If G is a complete multipartite graph with k > 2 classes of sizes si, S 2 ,..., Sk, with Sk > s;, 
for i < k — 1, then G contains a strong immersion of A' Sl + S2 +...+ Sfc _ 1 . 

We now prove Theorem 11.31 
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Proof of Theorem \1.S[ Let us suppose first that G has fewer than five vertices. The cases 
y(G) G {1,2} are trivial. If x(G) = 3, G must contain a triangle, so K 3 C G. And if 
X(G) = 4, it is easy to check that the only option is G = K 4 . So, we can assume | V(G f ) | > 5. 

Let c be a coloring of V(G) with minimum number of colors and let k = x(G). Note that 
\d\ < 3, for 1 < i < k, since there cannot be independent sets of size four. This, because if 
there were any, then, adding any other vertex, we would have a set of five vertices inducing 
less than six edges. 

Observe that if Cj = {it, x} and Cj = {u, y} are such that Cij is not connected, then the 
vertices in Ci U Cj are adjacent to all other vertices. Indeed, if Cij is not connected, it has 
exactly two edges. Then, any other vertex must be adjacent to it, v, x and y, because of 
the (5,6)-density of G. By symmetry, there are two cases. 

• uv,xy G E(cij ), in which case every vertex in Ci U e, is a dominating vertex for its 
color. 

• uv, vx G E(cij), in which case v has to be the dominating vertex for color j, and both 
u and x are dominating vertices for color i. 

We choose a dominating vertex it t of each color t as the corner vertices of the immersion 
with the extra requirement that if i ^ j and \ci\ = \cj\ = 2 with disconnected, then we 
choose a pair of adjacent dominating vertices as corner vertices. Note that this choice is 
possible because of the above observation. Let i,j be any two colors and we will show that 
Ui,Uj are connected by a chain. 

• If \ci\ = 1, then UiUj G E(G), as Uj is dominating. The edge UiUj is the chain we 
want. 

• If \ci\ = 2, \cj\ = 3, then muj G E(G ), due to the (5, 6 )-density of the graph. 

• If \ci\ = 3, \cj\ = 3, then considering c* plus Uj and a vertex in Cj \ {Uj }, it holds that 
the induced subgraph must necesarily be a complete bipartite graph, because of the 
(5, 6 )-density of G. Then, muj G E(G). 

• If |cj| = 2, \cj\ = 2, there are two cases. If is connected, we can always find a chain 
between Ui and Uj. And if c,y is not connected, then by the choice of Ui,Uj, it holds 
that UiUj G E(G). 

By symmetry, the above are all possible cases, and so, between each pair of corner vertices 
there is a chain that connects them, and therefore, we have found an immersion of K x (Qy 
None of the chains we described uses another corner vertex as an internal vertex, so the 
immersion is strong. □ 

Let us prove now Theorem 11.41 

Proof of Theorem ] l-4\ Let c be a vertex coloring of G with minimum number of colors, and 
choose a dominating vertex of each color as the set of corner vertices. Consider two corner 
vertices, u and v, with c(u) = i. c(v) = j and let us see that there is a chain that joins them 
(so we ensure that paths will be edge-disjoint). 

If uv G E(G), then the edge uv is the chain we want. If uv £ E(G ), there are vertices 
x G Cj,y G Ci, such that ux, vy G E(G ), because u and v are dominating. Also, as C 4 is not 
an induced subgraph of G, necessarily xy G E(G). Thus uxyv is the chain we want. Then 
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we have an immersion of K x (g), which is strong since the paths being chains, they do not 
use another corner vertex as an internal vertex. □ 


Observation. At first, the condition that there are no induced cycles of length four in the 
complement of the graph might seem too restrictive, however, unlike in (5, 6)-dense graphs, 
color classes can be arbitrarily big. Indeed, consider the graph obtained from K 2, n -2 by 
adding the edge between the two vertices in the class of size two. This graph has no induced 
cycle of length four in the complement, but any coloring with minimum number of colors 
contains a class of size n — 2. 


4 Graphs with small independence number 

Here we study the class of graphs that have no independent set of size three. It is easy 
to check that the non-neighbourhood of any vertex of a graph G with a(G) < 2 induces a 
complete graph. 

We shall now see that if we replaced K |-n-| with in Conjecture^ then the statement 
is true, as claimed in Theorem 1 1.61 Moreover, either G contains as a subgraph, or any 

set of vertices can be a set of corner vertices. Also, the immersion is strong. 

From now on we will use the following notation: 

N(v) = V(G) \ (N(v) U {u}). 

Proof of Theorem \1.6\ Let us define, for a vertex v £ V{G) and a set U C V(G), 

Nu(v) = N(v) n U 
Nu(v) = N(v) n U. 

If there was a vertex v with d(v) < [_^yj, then the non-neighborhood of v would have size 
at least |"^], and as it induces a complete graph, we would have G containing Kvn-, as a 
subgraph. Therefor, we can assume 6 (G) > |_ypj ■ 

We will find an immersion of K r„n in G. We partition V(G) into two disjoint sets U and W. 

such that \U\ = [§] and \W\ = |_^yj. The vertices from the set U will be the corner vertices 
and we denote P uv the path between u and v in the immersion, which will be constructed 
as follows. We arrange the pairs {u,u} with u,v € U arbitrarily and we assign the paths 
of the immersion in the following way. If uv £ E(G), then P uv = uv. If uv E(G ) 1 then 
we will choose a vertex z £ Nw(u) fl Nw(v) such that z has not been used at some P ux , 
with x £ U or some P vx , with x £ U, and we will assign P uv = uzv. Note that given the 
latter condition, the paths will be edge-disjoint. Furthermore, no corner vertex is used as an 
internal vertex of a path, so the immersion is indeed strong. Let us see that this assignment 
is possible (we only need to verify this for the case uv E(G)). 

Let uv qL E(G). We must prove that u and v have enough common vertices in W. That is 
to say, we need to prove the following. 


\N w (u) n N w (v)\ > |IVt/(u)| + |AI[/(u)| - 1 
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The term —1 is there because the non-existing edge uv is being counted twice. 


\Nu(u)\ + |jVc/(u)| - 1 = \U\ - |{u}| - \Nu(u)\ + \U\ - |M| - \Nu(v)\ - 1 
= - 1 - \Nu(u)\ + |-] - 1 - |JVb-(w)| - 1 

= 2 |"|j — 3 — (\N(u)\ - \N w (u)\ + |iV(«)| - \N w {v)\) 

"77 “ 

= 2 - -3+\N w (u)\ + \N w (v)\-(\N(u)\ + \N{v)\) 

< -3+\Nw(u)\ + \N w (v)\-[ y + y) 

2 n 

T 

Since uv £ E(G) and a(G) < 2, we have that for each w G W,uui G E(G) or vw G E(G). 
This implies that Nw{u) U Nw{v) = W. Then, 

_ _ r 77 "I V 77 

\Nu(u)\ + |JM«)I - 1 < 2 - - 3 + \W\ + \N w (u) D N w (v)\ - 2 — 

= 2 — -3+ — + \N w (u) n N w (v)\ - 2 — 

~ Tl~\ 277- 

= 2 — -3- — + \Nw(u) f~l Nw(v)\ 


~ 77 “I 

= 2 — — 3 + | N\v(u) U Nw(v)\ + \N\y(u) n Nw{v)\ — 2 

O 


So, we only need to prove that 2 ^ —3— ^ <0. 



= -1 
< 0 


That is, less vertices are needed than those that are available, to construct the edge-disjoint 
paths of the immersion. Therefore, there exists 2 G N\y{u)r\Nw(v) that has not been used 
in other paths P ux or P VXl and then we can assign P uv = uzv. Thus, we have obtained a 
strong immersion of it'pnn in G. 

□ 
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4.1 Equivalence of Conjectures [2] and [3] 


The proof of Theorem 11.51 is strongly inspired from [20]. We will need to use some prelim¬ 
inary results. Suppose Conjecture [2] fails, and let G be a counterexample that minimizes 
the number of vertices. Observe that the number of vertices is upper bounded by the 
product of the independence number and the chromatic number. So we have the following 
inequality: 


|C(G)| < 2 X (G). (1) 

We will prove some properties that G satisfies. 

Definition 4.1. A graph G is k-color-critical if x(G) = k and x(G — v) < k, for each 
v G V{G). 

Lemma 4.2. G is x(G)- color-critical. 

Proof. Indeed, if there is a vertex v G V(G ), such that y(G — v) = x(G), then asG-u has 
less vertices than G and a(G — v) < 2, we would have that, 

A x(G) = ^x(G-v) G V =^i G, 

which contradicts the fact that G is a counterexample for Conjecture [2j □ 

Lemma 4.3. G is connected. 

Proof. If not, G consists of two disjoint subgraphs Gi and G 2 , such that for all u G E(Gi) 
and for all v G V(G 2 ), uv G E{G). Then, as both G\ and G 2 have less vertices than G, it 
holds that K x (q x ) Gi and K x (g 2 ) =4 i G 2 , and then, 

K x(G) = A \(Gi)+ X (G 2 ) =G G, 


which leads to a contradiction. □ 

For the next property, we will use the next result. 

Theorem 4.4 ([26]). If x is any vertex of a k-color-critical graph G such that G is connected, 
then G — x has a (fc — 1 )-coloring in which every color class contains at least 2 vertices. 

Lemma 4.5. |C(G)| = 2 x(G) — 1. 

Proof. By Lemmas 14.2114.31 and Theorem 14.41 we know that G~v has a (x(G) — l)-coloring 
such that each color class contains at least two vertices. Since a(G) < 2, each color class in 
that coloring has size exactly two. So, |E(G)| = 2x(G) — 1. 

□ 


We are now able to prove Theorem II.51 


Proof of Theorem \1.5\ By Lemma 14.51 we have that 


IWG)| 

2 


= = X(G). Then, 


/ipn -1 ^i G and therefore, G is also a counterexample for Conjectured] 


□ 






Observe that G turns out to be a counterexample with minimum number of vertices for 
Conjecture[3]as well. Indeed, let H be a counterexample of Conjecture[3]such that \V(H)\ < 
|F(G)|. Then, 

A |v(-fQI ^i H. 

2 

And as \V(H)\ < 2\(H), 

K x{ h) H. 

So, If is a counterexample of Conjecture [2] and \V{H)\ < |C(G)|, which is a contradic¬ 
tion. 

4.2 Properties of a minimum counterexample of Conjecture [2] 

In this subsection we will prove a series of properties that a counterexample of Conjecture [2] 
with minimum number of vertices satisfies besides those mentioned by Lemmas 14.21 14.31 
and 14.51 The next result enumerates them. 

Theorem 4.6. Let G be a counterexample to Conjecture^ which minimizes the number of 
vertices. Then the following hold: 

1. G is a counterexample to Conjecture^ which minimizes the chromatic number. 

2. For every v £ V(G), G — v has a perfect matching. 

3. For every pair of nonadjacent vertices x, y of G, |IV(a;) C\N(y)\ < 

4. w(G) > 2±i. 

5. G is connected. 

6.5(G) > rti- 

7. G is Fdamiltonian. 

8 . For every v £ V(G), G — v has a perfect matching. 

9. For every x,y £ V(G), it holds that d(x,y) < 2. 

10. X (G) > 8. 

Suppose now that G, among all counterexamples of Conjecture^ minimizing the number of 
vertices, is one that minimizes the number of edges. Then the next additional property hold: 

11 . For every edge e £ E(G), it holds that a(G — e) > a(G). 

Proof. [T| Let G be any counterexample to Conjecture [2] with minimum chromatic num¬ 
ber. Then, 

2 x(G) - 1 = |P(G)| < |T(G)| < 2 X (G) < 2 X (G). 

Therefore, y(G) = y(G). 

[2] We know by Theorem 14.41 that G — v has a (x(G) — l)-coloring, in which every color 
class has exactly two vertices. This corresponds to a perfect matching in G — v. 
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[3] If this is not so, let x and y be two vertices such that xy ^ E(G) and \N(x) fl N(y)\ > 
+ 1. As G is a minimal counterexample for Conjecture [3l we know that 

Kn-i = A'|- 2 ^ 2 -| - {x,y}. 


Let U be the set of corner vertices of such an immersion and let W = V(G — {x, y})\U. 
As a(G) < 2 and xy ^ E(G ), we have that for every u £ U, ux £ E(G) or uy £ E(G). 
Without loss of generality, assume that x is adjacent to at least half of the vertices in 
U (and that x has more neighbors than y in U). Note that every non-neighbor of x 
has to be adjacent to y. 

Let us see that x is connected to every vertex u in U , by edge-disjoint paths P xu . If 
xu £ E(G), then P xu = xu. If xu £ E(G), then P xu = xzyu, with z £ Nw{x)r\Nw{y)- 
Observe that for this to work, it needs to hold that \Nw(x) 0 N\y(y) | > |A r cr(a:)|. 

We know that \Njj(x)\ < , so, 

\Nv{x)\ = 

Besides, 


— i with i e < 0 


n — 1 


\N w {x) fl N w (y)\ = \N(x) fl N(y)\ - 1^(0;) fl Nu(y)\ > \N(x) O N{y)\ - (2 % + 1). 


The last inequality is obtained by assuming that |A r [/(a;)| > |A^[/(y)|, so the number of 
neighbors that x and y share in U is bounded. Indeed, Nu(y) = Nu(x) U (Nu(x) fl 
Nu(y)) and as we assumed \Nu(y)\ < |-/Vj/(ir)|, we have that 

|-Wt/(a:)| + | Nu(x) O Nu(y)\ < |AT[/(a;)|. 


Then, 


\Nu(x) fl Nu(y)\ < 


< 


\Nu(x)\-\Nu(x)\ 



2i + l. 


And as | N(x) fl N(y)\ > + 1, we have that 


\Nu(x)\ 


- i < |iV(a:) nN(y)\ - (2 i + 1) < \N w {x) fl N w {y )|- 


It is important to notice that the paths P xu , from x to u £ U, do not interfere with 
the already existing paths between corner vertices in U. This is so, because the new 
paths only use edges which are incident to x and y. Therefore, we get an immersion 
of Kr n- 2 -1 | ± = AYni in G, which is a contradiction. 

IH Let x, y be any two vertices such that xy ^ E(G) and divide the rest of the vertices 
into A = N(x) \ N(y), B = N(x) fl N(y) and G = N(y) \N(x). Observe that both 
A and G induce a complete graph because a(G) < 2. Besides, by property^ it holds 
that \B\ < Therefore, at least one of the other two sets, say A, satisfies that 

|A U {a;}| > And as w(G) > \A U {x}|, we are done. 


10 

















[5] Indeed, if not so, G would have at least two connected components. In fact, since 
a(G ) < 2, it would have exactly two connected components and every component 
would be a complete graph. Then, K x (G) — G, which contradicts that G is a coun¬ 
terexample for Conjecture [2j 

[Gl Observe first that it is straightforward to prove that 6 (G) > since the non¬ 
neighborhood of any vertex induces a complete graph. Indeed, if 6 (G) < [_§J, AT|-»] 
would be a subgraph of G, a contradiction. 

So suppose that 6 (G) = |_§J and let v be such that d(v) = 6(G). Divide V(G) — v 
into the neighbors and the non-neighbors of v, N(v) and N(v) respectively. We know, 
by property [2j that G — v has a perfect matching. And given that N(v) induces a 
complete graph, every vertex in N(v) is matched with a vertex in N(v). Besides, as 
|IV(v)| = LfJ, then liV'('u) | = [^J. This matching represents a coloring of G, in which 
all color classes have exactly two vertices. We claim that K x (g) =$* G, where the 
corner vertices are {u} U N(v). 

Indeed, vu £ E(G), for every u £ N(v). Then, we can assign P vu = vu. Consider now 
u,w £ N(v). If uw £ E(G), then P uw = uw. If uw £ E(G), then, as a(G) < 2, it 
holds that ux w ,wx u £ E(G ), where x w ,x u are the vertices that are matched with w 
and with u, respectively. Also, x u x w £ E(G ), since x u , x w £ N(v), which is a complete 
graph. Therefore, we can assign P uw = ux w x u w. The paths are edge-disjoint, because 
by seeing the matching in G — v as a coloring in G — v, the chosen paths are precisely 
chains between corner vertices of different colors. 

[7] It follows from property [5] along with Dirac’s Theorem for Hamiltonian graphs [ITT] . 

H It is implied by property 0 and Lemma 14.51 

El There are two cases. If x,y £ E(G), then d(x,y) = 1. If x,y £ E(G), the by 
property 0 we know that both x and y have at least |" neighbors into a set of n — 2 
vertices (V(G) \ {x,y}). That means they have at least one common neighbor, so 
d(x,y) = 2. 

flOl It follows directly from Theorem ll.il 

Q3J If there were an edge e £ E(G), such that a(G — e) < a(G) = 2, then, 

E x (G—e) G e G. 

So, x(G — e) < x(G) — 1. Therefore, G — e has |V(G)| = 2x(G) — 1 vertices and can 
be colored with x(G) — 1 colors. Necessarily one color class has at least 3 vertices, 
which is a contradiction. 

□ 


5 Conclusion 

The question of whether Abu-Khzam and Langston’s conjecture is true still remains open, 
even in the special case of a(G) < 2. A possible way would be to continue studying 
a counterexample of Conjecture [2] minimizing the number of vertices. More structural 
properties can be found in 1241 . 
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After seeing the proofs of Theorems lf.3l and ll.4l it is tempting to try to look for an immersion 
of a complete graph with a vertex of every color as the set of corner vertices and chains as 
paths between them. However there are examples of graphs with colorings in which it is 
impossible to find this type of immersion (the reader is referred also to [24]). 
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